We analyze linear and nonlinear modes of metal-dielectric-metal slot waveguides taking into account the effect of losses at the metallic cladding. First, we study a linear core and then assume it to be nonlinear with a Kerr-type nonlinear response. In the linear case, we summarize the earlier results of the frequency dispersion analysis showing the mode transformation when losses are increasing. For the nonlinear case, after a brief review of the earlier results on the lossless plasmonic slot waveguides, we demonstrate that losses lead to the existence of complex nonlinear modes which we describe through the dependence of mode power on the propagation constant. We show that losses bring many novel features into this nonlinear system resulting in novel bifurcations and novel types of nonlinear guided modes, as well as the existence of limiting values for the propagation constant and the modes with an unlimited power. We also study the mode stability by means of numerical simulation using the finite difference time domain method.
Introduction
Plasmonics have received recently a great attention from researchers due to the discovery of odd and interesting properties related to systems containing metals [1, 2] . An example of such singular properties is the fact that an electromagnetic wave can be made to go through a metallic aperture much smaller than its wavelength. This effect, explained by the coupling of the wave with the plasma modes existent at the air-metal interface, allows an optical wave to propagate through nanometric apertures overpassing the diffraction limits. This means that the optical field can be confined in an extremely small space leading to nanofocusing. This can take even place in waveguides, as some of the modes are not cut off for an arbitrarily small core [3] . The confinement of the field in nanometric distances may also contribute to the encapsulation of optical devices which could be in principle reduced by two orders of magnitude.
The most basic device of an integrated circuit is a waveguide. The simplest one is a single interface between a dielectric and a metal which is able to support the so called surface plasmon polaritons consisting in a resonant state between the optical field at the dielectric and the plasma oscillations in the metal [4] . Also, different types of waveguides made of three layers to better confine the field and make light coupling more efficient were also studied [5] [6] [7] . The first proposal to focus the mode to adapt the scale of mode size to the nanometric regime was done in [8] using a tapered slot waveguide.
The high confinement of optical power which is possible to obtain with plasmonic structures makes nonlinear effects to become important and consequently plasmonic devices reveal themselves suitable for nonlinear control of optical signals. Different systems combining plasmons and solitons were already described [9] [10] [11] [12] [13] . Also nonlinear single interface metal-dielectric waveguides [14] [15] [16] [17] and slot waveguides and couplers [18] [19] [20] when the dielectric layers show the Kerr nonlinearity. Besides, several nonlinear processes where also described and studied in plasmonic systems as optical limiting and self-phase modulation with nanoparticles [21] , second harmonic generation [22] [23] [24] , or different optical-processing applications like all-optical logic gates [25] .
A very important drawback when using metals for optical elements are the large losses existent because at optical frequencies metals cannot be considered perfect conductors as they can for the microwave regime. Optical losses affect dramatically the performance of devices, not only because they attenuate optical power via absorption, but also because they spoil the operation efficiency as demonstrated for instance in a nonlinear directional coupler used for power switching [26] . Consequently a rigorous and realistic analysis of plasmonic structures should necessarily consider losses at metallic layers. This makes the so-called evanescent modes in such structures relevant [27] . An evanescent mode is a solution of the Maxwellʼs equations with a complex propagation constant. The imaginary part of the propagation constant makes the amplitude of the field to increase (unphysical solutions) or decrease monotonically upon propagation (these are the realizable evanescent modes). For dielectric systems, as losses are generally weak, these modes decay in a short propagation distance compared to the decaying length. That is why they are usually neglected. In cases where such losses have to be considered, as for instance in long optical fibers, they are introduced as a perturbation to the non-lossy system. In plasmonic systems, however, losses are strong, both decaying distances result comparable and a rigorous treatment requires taking evanescent modes into account. The transformations affecting to propagating and evanescent modes were already studied in waveguides and other plasmonic structures [28, 29] . The general behavior when losses increase from zero to a realistic value consist in a mixture of the different types of modes, propagating and evanescent, that turn indistinguishable after merging together.
In this paper, we review the recent results on plasmonic slot waveguides concerning the study of the complex modes to deal with optical losses. First, in section 2, we present the basic equations of the model and the way to calculate the complex linear modes. Next, in section 3 we describe the transformation of the linear modes when losses get increasingly larger. In section 4 we describe the way to calculate nonlinear complex modes and review the results concerning the non-lossy nonlinear slot waveguide, i.e. the nonlinear modes and power dispersion curves when losses are not taken into account. Then (section 5) we describe the main features of the nonlinear dispersion curves and their bifurcations when losses are considered. Finally, in section 6 we simulate the mode propagation and analyze the stability of different modes.
System modeling and the calculation of complex modes
We consider a slot waveguide (see a sketch in figure 1 ) with a dielectric core of width d and described by a constant permittivity ϵ d , embedded in metallic cladding whose dielectric function is described by the classical Drude model, that accounts for the strong frequency (ω) dispersion of metals: where ω p is the plasma frequency and Γ the electronic collision frequency which describes the effect of power losses. The calculation of modes is made considering the Maxwellʼs equations to describe the evolution of the harmonic modal fields E r t ( , ) and H r t ( , ) of the form:
0 where μ 0 is the vacuum magnetic permeability, β the propagation constant, t the time and = r x y z ( , , ) are spatial coordinates normalized by the vacuum wavenumber ω = k c 0 , being c the speed of light. The structure is considered to lay along the x-direction and the mode propagates along the z-direction. If we consider a transversal magnetic
y Hŷ and replace both fields into the Maxwellʼs equations we get the following equations for the mode components:
x y z 
. It has to be remarked that even when losses are neglected (Γ = 0), so that ϵ x ( ) is a real function, there are still complex solutions for the fields. The reason is the sign changes of ϵ x ( ) between core and cladding, since it is negative for the metal and positive for the dielectric.
When this complex functions are replaced in (4) we obtain a system of four differential equations involving the real-valued functions h x ( ) 1, 2 and e x ( ) 1, 2 . The boundary conditions are the continuity of components H y and E z at the boundaries between core and metallic cladding. This condition can be easily established if we consider the analytical solution at the linear cladding which is given by
where A is a constant and the sign in the exponent is chosen to obtain a decaying behavior when → ±∞ x respectively. So, according to this, the continuity of the fields at the boundaries is expressed as and e x ( ) 1, 2 . The system of differential equations together with the boundary conditions should allow us to calculate the electric and magnetic fields together with the propagation constant β. In such a way, equations (4) and (5) constitute a complex eigenvalue problem whose solutions are the different propagation modes, being the fields the eigenfunctions and the propagation constants the eigenvalues. According to this, in order to manage the problem as an ordinary differential one, the system has to be completed with two additional equations for the propagation constant:
, and also with two additional boundary conditions, coming from the linearity of the problem. In fact, a solution can be multiplied by an arbitrary complex constant and it should still be a solution. This means that we may fix the value of two of the real field functions at a particular point (say one of the boundaries,
2 , being c 1 and c 2 constants. In order to make easier the calculation of propagating (real propagation constant, i.e. = h x ( ) 0
) and evanescent modes at a time it results quite useful to take = c 0 2 . Once the solution at the core is numerically obtained, it is augmented to the linear claddings using the analytical solution (6), choosing a suitable value for the constant A to connect this function to the solution inside the core at the boundaries.
The fact that in (5) appears the eigenvalue as β 2 means that two different solutions for β are got, being only one of them physically significant. There exist two types of modes, forward and backward [27, 29, 30] , depending whether their phase velocity is positive or negative. Since the spatial phase evolves in the way β − z exp ( i ) (see (2) ) the physical solution is that with β < 0 2 , since the mode amplitude has to decrease as z increases. If we assume β > 0 1 then the corresponding sign of β 2 determines the direction of propagation:
, < z 0 (backward modes) since amplitude has to decay upon propagation.
The spectrum of modes can be classified in a discrete part (point spectrum), formed by the guided or proper modes, and a continuous part formed by the radiation or improper modes. The point spectrum is formed by real or propagating modes (imaginary part is null) and complex or evanescent modes (imaginary part different from zero) which lay on the continuous spectrum. Due to the negative value of ϵ m , the point spectrum is not restricted to the region below the core permittivity value, in contrast to the case of a dielectric slab waveguide.
Transformation of linear modes
The calculations were made for a core width d = 0.5, a core permittivity ϵ = 2.25 d and cladding permittivity ϵ m calculated from the Drude model in (1) taking ω = 3.043 p which corresponds to silver at a normalized frequency of ω = 1 at λ = 488 nm. Figures 2(A-C) shows examples of the three lowest order modes of the waveguide when losses are not considered (Γ = 0 in (1)) and for a particular value of the frequency (ω = 1.3). The dispersion curves for this non-lossy case are plotted in figure 3 (top row). According to this, for the values of the parameters taken, the fundamental mode exists and is a propagating mode for frequencies under the Waveguide-plane view with domains used for FDTD computations of section 6. PML denote the zones where perfect matching layers are implemented. The purple horizontal line mark the boundary between total field and scattered field domains used to implement the source.
surface plasmon resonance frequency (ω sp ). The first order mode is propagating over ω sp and evanescent below that value. The rest of the modes (an infinite number) are evanescent regardless of the value of frequency. For this particular non-lossy case, evanescent modes come as complex conjugate pairs.
In figure 3 (center and low rows) the dispersion diagrams are plotted for two different values of the electronic collision frequency, correspondent two the cases of weak (Γ = − 0.01) and strong (Γ = − 0.1) losses. A realistic case would be between both values. A negative sign for Γ is required as a result of the sign prescription for the mode phase in (2) and (3): in order to get a z-decaying amplitude wave it is necessary that the imaginary part of ϵ m is negative and this is achieved only if Γ < 0 in (1).
The dispersion diagram reveals that the originally propagating modes are no longer real (see also figure 2(D) where the fundamental mode is showed). On the other hand evanescent modes no longer come in conjugate pairs being the symmetry of the different branches destroyed. Modes, propagating and evanescent, transform themselves as losses become stronger and merge together. Degeneracy of the first order mode at ω sp is removed. The fundamental (originally propagating) mode joins now at ω ω = sp to the branch of the second-order mode (figure 2(E)) which is also symmetric. In practice, the valley of the fundamental mode becomes increasingly deeper up to the point that it crosses the horizontal axis at ω ω = sp , turning itself into the second order mode. On the other hand, the first-order forward mode merges to the third-order mode at ω ω = sp (figure 2(F)), which is also an antisymmetric mode. In general each mode joins at ω ω = sp to the next order mode of the same symmetry. These results are in agreement with previous studies [28, 29] .
Nonlinear slot waveguide without losses
If we consider the dielectric core nonlinear, modes can still be numerically calculated in a similar fashion as in the linear case. We assume a Kerr-type nonlinearity for the core described by a dielectric function,
being ϵ l the linear dielectric constant and α the Kerr coefficient. This coefficient can be suppressed from equations rescaling both fields E and H by a factor α 1 2 . Concerning nonlinearities it is worth to comment that up to now almost all works dealing with nonlinearities in metal-dielectric systems considered metallic layers linear and assume that only the dielectrics present nonlinear effects. In fact, strong nonlinear effects in metals were usually associated to the well-known enhancement of he field produced by metal nanoparticles distributed inside a dielectric substrate, being the key factor the limited volume of the metallic particle [31] . Recently, however, mechanisms for nonlinearities in bulk metals were proposed and the estimates reveal that such effects can be comparable to those in nonlinear dielectrics. As an example we mention the nonlocal Kerr-type behavior explained by ponderomotive interaction of charge carriers [32] 2 for the same frequency range [33] . A practical example of a device where nonlinearities in bulk metals are the key for the operation is the high speed modulator presented in [34] . Anyway, the aim for the present work is to study the effect of losses in nonlinear systems and we only consider nonlinearities in dielectrics for the sake of simplicity.
In order to obtain the solution the permittivity function is first expressed in terms of the field components H y and E z , substituting the relationship β ϵ = H E y x in (8) and solving the cubic equation obtained for ϵ [19] . The unique real solution of such equation obtained by using the Cardano formulas, is then replaced in equations (4) and (5) leaving a nonlinear system of first-order ordinary differential equations. The boundary conditions are the same as for the linear case: continuity of components H y and E z at the boundaries between core and metallic cladding, so they are given by (7) .
The problem has a family of solutions of different power parameterized by the propagation constant. Since the nonlinearity depends only on the field modulus but not on its phase (see (8)), we may fix only part of the propagation constant (say the real part β 1 ) to use as a parameter and have to solve for the other (imaginary part β 2 ) as an eigenvalue. Consequently, our system needs now only one additional
) and one additional boundary condition. To determine this condition we use the fact that we may multiply the fields by a phase factor and the system still have the same solution. In such a way, we may arbitrary fix the phase of one of the fields (say H) at a particular point (say a boundary,
, where c is an arbitrary constant, which for the sake of simplicity is taken as zero. The cladding is still linear and so the analytical solution in equation (6) 
For the above values of the parameters, and if losses are neglected (Γ = 0) the lowest order modes are propagating (null imaginary part). As was described by Davoyan et al [18] , it is possible to find a symmetric and an antisymmetric mode (figure 4, modes A and B) in a similar fashion as in a directional coupler. This is because both interfaces corecladding behave themselves like waveguides. Also, due to nonlinearity, there exist an asymmetric mode that bifurcates from the symmetric one at point O (mode C). Power curves are power limited so that they do not rise over a maximum value for any value of the propagation constant. The reason is the negative contribution to power flux of the field lying inside the cladding, which counterbalance the positive contribution inside the core. This even makes power go to negative values as happens for the antisymmetric mode or for the symmetric and asymmetric ones at large values of the propagation constant. The sign of the flux for the antisymmetric mode depends actually on the width of the waveguide, being positive for a large enough value and negative for a small one. For intermediate values, there is a value of β 1 where power flux goes from negative to positive [18] . In the present case, for the values of the parameters used, the antisymmetric case presents a negative power flux.
Nonlinear dispersion of lossy modes
Now we consider losses present. The former propagating modes become now complex. Some examples of such complex symmetric and asymmetric modes are shown in figure 5 . In figure 6 we show the power diagram versus the real part of the propagation constant for the symmetric and asymmetric modes. The non-lossy families are plotted as dashed lines which are the same as those plotted in figure 4.
When losses are considered there is not too much change in the power dispersion curves for low values of the parameter β 1 , at the regime close to linear. The symmetric mode presents a small imaginary part and a real part which is similar to the one in figure 4(A) . In fact, the power dispersion curves for all different values of the electronic collision frequency (Γ) are almost coincident (see figure 6 ) for this regime. Now the propagation constant becomes a complex value so that β ≠ 0 2 (figure 7). In both power diagrams, the symmetric and asymmetric modes are plotted for two different values of the electronic collision frequency: Γ = −0.01, representing the cases of weak loss (thin lines), and Γ = −0.1 corresponding to the case of strong loss (thick lines). As above, a typical realistic case would be in between.
For higher values of the parameter β 1 there is a sharp difference in the dispersion curves related to the non-lossy case. The power curve for the symmetric mode turns back at a particular value of β 1 , which is larger as weaker are losses, and describes a loop to rise up to increasing unlimited values. This is in contrast with the non-lossy case for which power was limited. A possible explanation for this is the fact that losses acting in the cladding make the negative contribution to power flux to decrease and so the positive contribution inside the core enhances the nonlinear effect. On the other hand, the imaginary part β 2 is also limited, reaching a maximum absolute value. The change in the shape of the modes is illustrated in figure 5 . The imaginary part becomes more and more relevant, making a larger contribution to the total power (mode labeled C). Further along the curve, for higher power modes (mode D) the amplitudes of both real and imaginary parts become comparable and the central minimum of the real part drops below the horizontal axis as though there were a merging between the fundamental and a higher order symmetric mode (characterized by a larger number of zeros). Further increasing power there is a change in the slope of the Power as a function of the real part of the propagation constant for the propagating symmetric and asymmetric modes of the waveguide. Dashed, thin continuous, and thick lines correspond respectively to the lossless (Γ = 0), weak lossy (Γ = −0.01) and strongly lossy case (Γ = −0.1). Letters label points correspondent to the ones shown in figure 7 and also correspondent to the modes in figure 5 . power curve raising to unlimited values (figure 6-inset) and the imaginary part β 2 tends asymptotically to the vertical axis β = 0 2 . The field is now mainly concentrated inside the core (mode E) and resembles a typical soliton in a nonlinear dielectric system.
The curve for the asymmetric mode also experiments important changes as losses are taken into account. There is a value of β 1 for which the curve starts to differentiate from the non-lossy case and also turns back, describing a loop to join again to the curve of the symmetric mode in a new bifurcation point (point C in figures 6 and 7). This bifurcation point has no analog for the non-lossy case. The asymmetric mode is consequently limited to an interval of values of the propagation constant. The shape of the asymmetric modes is characterized by a small imaginary part close to the first bifurcation point (mode F) which becomes progressively more relevant up to be similar to the real part at the second bifurcation point (modes G and H).
Stability of the nonlinear modes
In order to check the stability of the modes at different sections of the power dispersion curves, the propagation was simulated using the finite-difference time-domain method (FDTD). The modeling of the different layers of the waveguide was carried out as described in [26] , taking a Drude dispersive model for the metallic cladding and a simple Kerr model for the core, assuming an instantaneous response of the medium. A FDTD code was specifically made to deal with complex fields. Surrounding the waveguide, perfect matching layers (PML) properly designed to end dispersive media were used ( figure 1(b) ). The PML implementation is based on the uniaxial PML carried out in three steps at the zones in contact with the metallic layers to include the effect of the frequency dispersion of the model while maintaining the numerical stability predicted by the Courant condition as described in ( [35] , chapter 7). Since power is relevant when dealing with nonlinear modes, an specific source based on the total-field/scatteredfield technique was implemented for nonlinear media in order to minimize the amount of power back-reflected at the source location. The source field is introduced at a boundary (represented by the horizontal line in figure 1(b) which separates the total field (top plane) and scattered filed (bottom plane). The implementation creates a plane wave of wavenumber β 1 and reshapes its amplitude with the complex mode profile in order to launch the mode into the waveguide as more accurately as possible. Even so, a small amount of power is still back-reflected as detected calculating power right after the source position, integrating the Poynting vector for a fixed value of z.
It is important to note that the concept of stationary state is not completely well defined for this system. In fact, the presence of losses makes the amplitude of the field to decrease when propagates, and so the field profile does not maintain itself invariant when losses are present. Anyway, the decaying behavior of the mode is due to the imaginary part of the propagation constant which induces a real-exponent factor in the mode expressions (2) and (3). In such a way, we may think on stationary modes as those which maintain the profiles E x ( ) and H x ( ) invariant though they are modulated by the usual oscillating phase, proportional to the real part of the propagation constant, and now also by the attenuating factor dependent on the imaginary part. An interesting question emerges when one think on the possibility of carrying out a change of variable, dependent on power and the lossy coefficient, to transform the system into a non-lossy one for which the concept of stationary state were easily introduced. At this point it should be recalled that complex decaying modes are not exclusive of a lossy system. For the present system, there are complex modes even when losses are neglected (permittivity is a real function) due to the fact that such permittivity function changes sign at different regions of the transversal domain. Consequently, the above mentioned change of variable would be in principle not possible. On the other hand when carrying out FDTD simulations, the metallic cladding is modeled as a dispersive medium (using the Drude model to describe a cold plasma). This makes the system actually different to the one used to calculate the stationary states. In fact, those states were calculated for a fixed frequency which makes the electrical permittivity a fixed negative constant. Anyway, the simulations should be useful to check the stability of the different modes by examining whether the field shape is kept uniform for a distance.
In figures 8 and 9 we summarize the results. In such figures the modulus of the magnetic component is plotted after a long enough propagation time to reach a fairly stationary situation. Sub-figures labeled A, B and D in both figures are related to modes in the different sections of the symmetric branch, and correspond to the points labelled with the same letters in figures 6 and 7. The modes are completely stable, i.e. the shape of the launched mode is maintained, except but for the decrease in amplitude produced by losses, in the initial positive slope part of the curve for low powers. For higher powers, close to the maximum and further along the curve, in the negative slope part, the shape is not maintained but there is not any chaotic or collapsing instability and amplitude decreases uniformly due to the effect of losses. In order to show the profile shape of the mode a three-dimensional plot is also presented in figure 8 . In such a plot it is seen that while the mode A maintains the convex shape inside the core, the mode labeled B goes through a deformation of the profile resulting in a concave shape. Modes with a high power (for instance mode D and those located further up along the curve) develop a chaotic instability that completely destroys their profile. Sub-figures labeled D, E and F in figure 9 correspond to asymmetric modes. The branch is partially stable as it maintains the shape for a time but finally reshapes to a stationary shape which is different from the initial mode. The mode does not suffers from any chaotic or collapsing behavior, however.
Conclusions
We have summarized the basic theoretical results on the theory of linear and nonlinear modes in plasmonic slot waveguides, without and with losses taken into account. We have demonstrated the existence of low-order nonlinear complex modes in metal-dielectric-metal slot waveguides, in particular those with symmetric and asymmetric profiles, in the presence of losses, and we have discussed the power diagram and the corresponding bifurcation points. We have observed that taking into account losses is a big change in the evaluation of realistic characteristics of the plasmonic systems. In particular, when losses are present the value of the propagation constant is limited and there is a bounded interval of the mode powers where the asymmetric mode can exist. Also, the total modal power may grow achieving large values, instead of remaining limited, as is observed for the lossless case.
